Many mechanical and micro-mechanical applications utilize artificially generated self-excited oscillations either as the working principle or as the performance enhancer. The present paper investigates a switched damping adaptive feedback control method for inducing artificial controlled self-excited oscillation in a single degree-of-freedom damped mass-spring mechanical system. The adaptive feedback control can generate oscillation at the natural frequency of the system with controlled amplitude and maintain the frequency of oscillation at the natural frequency of the system under parametric variations. The desired amplitude of oscillation even under parametric variations can be achieved when the controller is designed utilizing a frequency detector (used to adapt the natural frequency of the system). Numerical simulations confirm the analytical results.
Introduction
The autoresonant characteristic of self-excited oscillation is widely utilized in a large number of mechanical devices and oscillatory processes, viz., atomic force microscopy [1] , pipe crawling robot [2] , rotary drilling [3] , biosensors [4] , vibratory machines, ultrasonically assisted cutting, mass sensing, flutter wing mechanism, stress and strain transducer, electrostatic field sensing etc. Researchers observe that self-excited oscillation can efficiently intensify the performance of many systems and processes, like, vibration and percussion machines, control of the displacement of materials and parts, mixing, separation, grinding, etc [5] .
A self-excited system is one that in the absence of external, modulated forcing vibrates at steady amplitude, i.e. undergoes limit cycle oscillations. The van der Pol oscillator is the simplest example of a system that can exhibit self-excited oscillation. The mathematical model of the van der Pol oscillator comprises a nonlinear damping term with a negative linear part destabilizing the static equilibrium position of the system and a nonlinear part limiting the growth of the instability. As a result, the system approaches a new dynamic equilibrium (the so-called limit cycle) and continues to vibrate autonomously.
Several research works have been devoted towards designing control methods to induce self-excited vibration in mechanical systems. Ono and co-workers [6] have discussed several methods for inducing self-excited oscillation at the anti-resonance frequency in robotic devices by introducing (through feedback) asymmetry in the stiffness matrix and nonlinear damping. Kurita and co-workers [8] have investigated on the application of different control laws for generating self-excited oscillations in vibratory machines. Chatterjee and Malas [9] have developed a stiffness switching control for artificially inducing self-excited oscillation in mechanical and micromechanical systems. Lee and White [10] fabricate a micro-cantilever transducer using bulk-micromachining technology. The transducer consists of a feedback electrode and a drive electrode which, when connected by an amplifier, self-excites the cantilever in the acoustic range of frequencies.
In this paper, we propose a switched damping adaptive control to induce self-excited oscillation in a single degree-of-freedom damped mass-spring mechanical system to induce self-excited vibration at the natural frequency of the system. The controller receives the signal in the form of state variables of the system and sends the necessary feedback force to the system through an actuator. The describing function method as a nonlinear analysis is applied to understand the dynamics of the system with control. Numerical simulation has been done to compare the analytical results. Finally, a frequency detector, namely buchli filter [10] , is used to detect the natural frequency of the primary system and then the frequency of the filter is introduced (through feedback) to the controller which send the necessary feedback force to the system through an actuator to generate self-excited oscillation in the system and the model is numerically simulated in MATLAB Simulink.
Mathematical Model
The basic mechanical system, as illustrated in Figure 1 , is a simple single degree-of-freedom mass-spring-damper system. The governing equation of motion of the system with control reads as
where x is the displacement of mass ( m ), k is stiffness of the spring, c is the damping coefficient and û is the control force. The prime (' ) indicates differentiation with respect to time t . One can rewrite Eq. (1) in the following non-dimensional form:
km is non-dimensional damping ratio and the non- 
Control Law
The controller receives the displacement, velocity of the mass of the system and feedback the necessary control force to the mass of the system through an actuator as shown in Figure 1 . The mathematical form of the control force is expressed as
where the control gain ( c k ) is the strength of controller. a represents the desired amplitude of oscillation and a is any arbitrary frequency.
Nonlinear Analysis
For weak damping, a nonlinear analysis is carried out in this section using describing function method. Assuming that the system undergoes a limit cycle oscillation, the solution of Eq. (2) is sought in the following form
where and are the frequency and phase of oscillation. 
and the describing function of the nonlinear part is given as
where s is the standard complex variable (the Laplace variable) and From the block diagram shown in Figure 2 , the characteristic equation of the system is obtained after substituting s j as Equating the real part of Eq. (7) to zero, one can obtain the frequency of oscillation as follows.
Similarly, equating the imaginary parts of Eq. (7) to zero yields the following amplitude equation in implicit form. 
The stability of the limit cycle, thus obtained, can be ascertained by the positive definiteness of S defined as
The frequency of vibration, given by Eq. (8), implies that the system always exhibits limit cycle oscillation at the natural frequency of the system irrespective of parameter values. Simplification of Eq. (10) provides the condition of a stable limit cycle oscillation as 0 
which shows that the amplitude of oscillation is independent of control gain ( c k ). Similarly, the amplitude equation for a damped system ( 0 ) can be written in the following form. 
where is an explicit function of c k , , n and can be obtained numerically by solving Eq. (9) for 0
Also, for a particular values of n and , there is a critical value of c k below which , i.e., the amplitude of oscillation has a finite value. For particular values of n and , this critical value can be found by solving Eq. (9) for different value of c k and examining existence of the solution. Though the analysis imposes the condition that a n , one may consider the limiting case of a n . Thus, the limiting value of the amplitude of oscillation for both damped and undamped system becomes lim a n A a ,
Numerical Results and Discussions
Numerical simulation for the system with control has been done in MATLAB Simulink with 1
and the simulation results are compared with the analytical results. The variation of the amplitude of oscillation with the parameter a , depicted in Figure 3 , shows that the desired amplitude (i.e., 1 A a ) can be achieved only when a is equal to n , otherwise the amplitude of oscillation increases with increasing value of a . Also, the occurrence of self-excited oscillation at natural frequency ( n ) of the system for any value of a is evident from the simulation results depicted in Figure 4 . The amplitude of oscillation corresponding to Figure 4 (c) is noted as 1.17 and matches closely with the analytical result. For undamped system, the static equilibrium becomes unstable for any negative value of c k (i.e., 0 c k ).
Therefore, it should be appropriate to say that the critical value of c k is zero below which the static equilibrium becomes unstable and the limit cycle becomes stable. But, the critical value of c k is not equal to zero for damped system. One can find out numerically the critical value of c k by solving Eq. (10) as shown in Table 1 . 
Adaptive Control using Frequency Detector
The system with control exhibits self-sustained oscillation with the desired amplitude only when a in the controller is equal to n . Therefore, it is imperative to detect the natural frequency of the system by a frequency detector and feedback the frequency to the controller. Here, the butchli filter [10] is used as a frequency detector to detect the natural frequency of the system, where a represents the frequency of the frequency detector. This adaption mechanism detects the fundamental frequency of any periodic input signal. As a result, one has a n in the control law. The adaptive filter used in the present paper is modelled by the following set of dynamic equations. 
where , d and ˆ are the parameters denoting the coupling strengths of the dynamic oscillator. Figure 5 (a) shows that the frequency of the butchli filter converges to the natural frequency of the system. Also, the system oscillates with the desired value of amplitude as depicted in Figure 5 (b). 
Conclusion
Many mechanical and micro-mechanical applications utilize artificially generated self-excited oscillations. This paper proposes a new control strategy for inducing self-excited oscillation of the desired amplitude at the natural frequency of a single degree-of-freedom mass-spring-damper system. Using the describing function method, it is shown that the proposed control can generate stable self-excited oscillation at the natural frequency of the system irrespective of the value of control gain. Also, the desired amplitude can be achieved only when a frequency detector is utilized to detect the natural frequency of the system. The simulation results match closely with analytical results.
